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Figure 9. Particle number density at m = 0.01 as a function of µ on 1284 and 10244 lattices.

4 Summary and outlook

We have investigated the restoration of the chiral symmetry of the NJL model in the
dense region at very low temperature, employing the Kogut-Susskind fermion action on
the extremely large lattice of V = 10244, which is in the thermodynamic limit at zero
temperature, essentially. The first-order phase transition is clearly observed using the
chiral condensate as an order parameter. At the critical chemical potential, we also find
the jump of the number density.

This is the third successful application of the TRG method to the 4d lattice theories,
following the Ising model [31] and the complex φ4 theory at finite density [16]. This study is
also the first application to the 4d fermionic system. As a next step, it would be interesting
to determine the critical end point of this model.
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Figure 6. Chiral condensate at m = 0.01 and 0.02 on 10244 lattice as a function of µ with D = 55.

evaluated via

∂

∂m
lnZ ≈ lnZ(m+ ∆m) − lnZ(m)

∆m
, (3.7)

with ∆m = 0.01. In figure 6, we plot the µ dependence of the chiral condensate at
m = 0.01 and 0.02 on the L4 = 10244 lattice. The signals show slight fluctuations as a
function of µ around the transition point. Away from the transition point, we have found
little response in ⟨χ̄(n)χ(n)⟩ to changes in mass. Figure 7 presents the results in the chiral
limit obtained by the chiral extrapolation with the data at m = 0.01 and 0.02 on two
volumes of L4 = 1284 and 10244. It is hard to find the difference between the L = 128
and 1024 results. This allows us to consider the L = 1024 result to be essentially in the
thermodynamic limit. We observe the discontinuity from a finite value to zero for the
chiral condensate at µc = 3.0625 ± 0.0625, which is a clear indication of the first-order
phase transition. Note that enlarging the bond dimension D is more essential than adding
the data points at different fermion masses in order to increase the numerical accuracy
around µc found in figure 7.

3.4 Equation of state

The equation of state is a relation between the pressure and the particle number density.
Here we present both results as functions of µ, respectively. In the thermodynamic limit,
the pressure P is directly obtained from the thermodynamic potential:

P = lnZ
V

, (3.8)

where the vast homogeneous system is assumed. In figure 8, we plot the µ dependence of
the pressure at m = 0.01. We find a kink behavior at µc = 3.0625±0.0625, where the chiral
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Figure 1. Schematic view of expected phase diagram of the NJL model on the T -µ plane. Solid
and broken curves represent the first- and second-order phase transitions, respectively. Closed circle
denotes the tricritical point where the first-order phase transition line terminates.

where n = (n1, n2, n3, n4)(∈ Z4) specifies a position in the lattice Λ, with the lattice spacing
a. χ(n) and χ̄(n) are Grassmann-valued fields without the Dirac structure. Since they
describe the Kogut-Susskind fermions, χ(n) and χ̄(n) are single-component Grassmann
variables. ην(n) is the staggered sign function defined by ην(n) = (−1)n1+···+nν−1 with
η1(n) = 1. The partition function is defined in the ordinal manner:

Z =
∫ ⎛

⎝
∏

n∈Λ
dχ(n)dχ̄(n)

⎞

⎠ e−S . (2.2)

For vanishing mass m, eq. (2.1) is invariant under the following continuous chiral transfor-
mation:

χ(n) → eiαϵ(n)χ(n), (2.3)
χ̄(n) → χ̄(n)eiαϵ(n) (2.4)

with α ∈ R and ϵ(n) = (−1)n1+n2+n3+n4 .

2.2 Tensor network representation
We introduce the tensor network representation for eq. (2.2) in a similar way with refs. [10,
11].3 Hereafter, we set a = 1 for simplicity. Firstly, we expand the local Boltzmann weights

3See ref. [25] for a different TRG approach with the Kogut-Susskind fermion, where the TRG procedure
is applied to the Schwinger model after integrating out the fermion fields analytically.
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30/Mar (Tue) 9:30-17:00 : 
Workshop for the Division of Quark Nuclear Matters
9:30 Toshihiro Nonaka : Exploring the QCD phase diagram with higher-order fluctuations
9:50 Risa Nishitani : Measurements of Net-Proton Fluctuations for p+p Collisions at 200 GeV 

from the STAR experiment
10:10 Takafumi Niida : Polarization and chiral magnetic measurements
10:30 Kosuke Okubo : Global polarization measurements at 3, 7 and 54 GeV Au+Au collisions 

at RHIC
10:50 coffee break (20)

11:10 Takahito Todoroki : Small system flow measurements
11:30 Ashutosh K. Pandey  : HBT measurements w.r.t. Psi1
11:50 Moe Isshiki : Measurements of Lambda-Lambda and Xi-Xi Correlation Functions 

in Au+Au at 200 GeV
12:10 lunch break (70)

13:20 Shingo Sakai : Heavy-flavor measurements at LHC
13:40 Shunya Chiba : Heavy-flavor electrons
14:00 Momo Eshita : Heavy-flavor jets
14:20 Park Hanseo : pi0/eta in jet at 13 TeV pp collisions at LHC-ALICE experiment
14:40 coffee break (20)

15:00 Olivier Bourrion (LPSC Grenoble)   : FoCal-E pad readout (20’)
15:20 Motoi Inaba (Tsukuba Tech)             : FoCal final prototype production and plan (30’)
15:50 Everyone                                          : Discussion on FoCal plan for 2021 / 2022 (20’)
16:10 tea break (10)
16:20 Yuji Goto (RIKEN)                            : FoCal, RHICf-II and EIC (20’)
16:40 Thomas Peitzmann (Utrecht)           : FoCal-E pixel (20’)

Special FoCal session at 15:00 - 17:00 (JST) = 8:00 - 10:00 (CEST)

http://www.u.tsukuba.ac.jp/~esumi.shinichi.gn/temp/TCHoU_workshop_2021Mar.pdf
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