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研究テーマ

・テンソルネットワーク法を使った格子理論の研究

・テンソルネットワークによる情報圧縮やサンプリングによる
情報抽出の組み合わせによるアルゴリズムの研究



テンソルネットワーク(TN)とは?
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✔ 目的関数をテンソルの縮約で表現して得られる量子多体系の解析手法

✔ 従来とは異なる切り口から格子理論を調べることができる

・TN計算には符号問題がない

Orús, APS Physics 1(2019)538-550

・量子計算との互恵関係

・量子回路のTNシミュレーション

・モンテカルロ計算が難しい理論を調べられる場合がある



テンソル繰り込み群(TRG)によるアプローチ

✔ 従来のMCシミュレーションにはない利点が多数ある
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✔格子理論の経路積分をTNで表現し,その縮約を近似的に実行することで
経路積分を求値する手法

・符号問題がない
・熱力学極限に匹敵する格子体積を取り扱える
・Grassmann積分を直接扱える(pseudo fermionの導入が不要)

・格子理論の分配関数/経路積分そのものを求値できる

✔ TRGは4次元系への応用が最も進んでいるTN法

✔縮約の近似精度はボンド次元をあげることで系統的に向上可能(後述)



テンソル繰り込み群のidea
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特異値分解(SVD)による情報圧縮

𝐴!" = Σ#𝑈!#𝜎#𝑉"# ≈ Σ#$%𝑫 𝑈!#𝜎#𝑉"#

w/   𝜎% ≥ 𝜎' ≥ ⋯ ≥ 𝜎()* +,- ≥ 0

・𝐴:𝑚×𝑛 matrix, 𝑈:𝑚×𝑚 unitary, 𝑉: 𝑛×𝑛 unitary
・𝑫:ボンド次元

実空間繰り込み群の思想
容易に反復可能な粗視化変換を構成し

それを何回も反復することで熱力学極限を得る

TN上での実空間繰り込み群
（テンソル繰り込み群）を構成できる

+
→

経路積分をTNで表現
(厳密な縮約は実行不可能)



✔ MC計算とよく一致

COARSE-GRAINING TENSOR RENORMALIZATION BY . . . PHYSICAL REVIEW B 86, 045139 (2012)
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FIG. 7. (Color online) Graphical representation for the determi-
nation of the bond density matrix ρ(n)

zw,xy from the environment tensor
E

(n+2)
lrf bud in three dimensions.

the Monte Carlo result.27 Our result for the specific heat agrees
with the Monte Carlo one. At the critical temperature, Tc =
4.511544, the internal energy is found to be Uc = −0.995592
for D = 14. This value of Uc, as shown in Table I, also agrees
well with other published data.

From the temperature dependence of the specific heat
around the critical point, one can estimate the critical exponent
of the specific heat with the formula,

C ∼ t−α, (16)

where t = |1 − T/Tc|. However, as the specific heat data are
obtained simply from the numerical derivative of the internal
energy, the accuracy of the specific heat data is much less than
that of the internal energy, especially around the critical point.
This causes a big error in the determination of the exponent α
with the above formula. This problem can be solved by directly
evaluating this exponent from the temperature dependence of
the internal energy. From the temperature integration of the
specific heat, it is simple to show that the internal energy
should exhibit the following critical behavior:

U = Uc + at + bt1−α, (17)

FIG. 8. (Color online) The internal energy and the specific heat
for the 3D Ising model obtained by the HOTRG with D = 14.
The Monte Carlo result (black curve) obtained from an empirical
fit formula given in Ref. 27 is shown for comparison.

TABLE I. Comparison of the internal energy at the critical
temperature Uc for the 3D Ising model obtained by different methods.

Method Uc

HOTRG (D = 16) − 0.990842(3)
Series expansion30 − 0.991(1)
Series expansion31 − 0.9902(1)
Series expansion32 − 0.99218(15)
Monte Carlo27 − 0.990604(4)
Monte Carlo33 − 0.9904(8)
Monte Carlo34 − 0.990(4)

where a and b are unknown parameters which can be
determined by fitting.

Figure 9 shows the fitting curves for the internal energy
around the critical point obtained with Eq. (17). The critical
exponent is found to be α = 0.1023 and 0.1137 for the tem-
perature higher and lower than the critical value, respectively.
These values of the critical exponent are consistent with the
result obtained from the series expansion,28 0.104, and the
Monte Carlo calculation,29 0.111.

Figure 10 shows the temperature dependence of the sponta-
neous magnetization M obtained by the HOTRG with D = 14.
Our data agree well with the Monte Carlo results.35 From the
singular behavior of M , we find that the critical temperature
Tc = 4.511615 for D = 14. Furthermore, by fitting the data of
M in the critical regime with the formula,

M ∼ tγ , (18)

we find that the exponent γ = 0.3295, consistent with the
Monte Carlo29 (0.3262) and series expansion36 (0.3265)
results.

Figure 11 shows the critical temperature Tc determined
from the singular points of the internal energy as well as the
magnetization for D up to 16. The values of Tc obtained from
these two quantities agree with each other. For D = 16, Tc

obtained from the internal energy and the magnetization are
4.511544 and 4.511546, respectively. The relative difference
is less than 10−6. But Tc does not vary monotonically with

FIG. 9. (Color online) The internal energy (D = 14) and its fitting
curves with Eq. (17) around the critical point for the 3D Ising model.
α is the critical exponent for the specific heat.

045139-5
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Xie+, PRB86(2012)045139

TRGの応用例: 3D ferromagne6c Ising model

内部エネルギー 臨界点



MC 
Somoza+, 
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TRG 
SA-Kuramashi,

JHEP05(2022)102
𝛽. = 0.70051(7)
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SA-Kuramashi, JHEP05(2022)102

TRGの応用例: 3D ℤ! gauge-Higgs model

0.698 0.700 0.702 0.704 0.706 0.708 0.710 0.712
β

0.1225

0.1230

0.1235

0.1240

0.1245

0.1250

0.1255

0.1260

0.1265

η

First-order transition point (TRG)
Critical endpoint (Fit)
Self-dual line

𝜂 = −
1
4
ln tanh𝛽

𝐷 = 48

相転移線とself-dual lineの比較

✔ 自己双対性を持つ格子ゲージ理論.双対性から転移点が解析的に分かる.

✔ TRGの数値結果は解析的な議論・MC計算のいずれともconsistent.

臨界終点



ℤ𝟑 gauge-Higgs model in the unitary gauge
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✔ Unitaryゲージに固定して物質場を消去:    𝜎∗ 𝑛 𝑈" 𝑛 𝜎 𝑛 + 𝜈̂ ↦ 𝑈"(𝑛)

𝑈! 𝑛 (∈ ℤ𝟑): ゲージ場(リンク変数)
𝜎 𝑛 ∈ ℤ𝟑 : 物質場
𝛽: ゲージ結合定数
𝜂: スピン結合定数
𝜇: 化学ポテンシャル

𝑛 𝑛 + 𝜈̂

𝑛 + 0𝜌 𝑛 + 𝜈̂ + 0𝜌

𝑈!(𝑛)

𝑈!(𝑛 + 0𝜌)

𝑈"(𝑛 + 𝜈̂)𝑈"(𝑛)

𝑆 = −𝛽∑#∑"$%Re[𝑈" 𝑛 𝑈% 𝑛 + 𝜈̂ 𝑈"∗ 𝑛 + A𝜌 𝑈%∗ 𝑛 ]

−𝜂 ∑#∑" e&'!,#𝜎∗ 𝑛 𝑈" 𝑛 𝜎 𝑛 + 𝜈̂ + e(&'!,#𝜎∗ 𝑛 𝑈"∗ 𝑛 − 𝜈̂ 𝜎(𝑛 − 𝜈̂)

𝑆 = −𝛽∑#∑"$%Re[𝑈" 𝑛 𝑈% 𝑛 + 𝜈̂ 𝑈"∗ 𝑛 + A𝜌 𝑈%∗ 𝑛 ]

−2𝜂 ∑#∑" cosh 𝜇𝛿",* Re𝑈" 𝑛 + isinh 𝜇𝛿",* Im𝑈" 𝑛



ゼロ密度での相図
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1st order

・Average link 𝐿 を𝜂の関数としてTRG法で計算

𝐿 =
1
4𝑉

𝜕
𝜕(2𝜂) ln 𝑍

・ 𝐿 の不連続性が消失する点をCEPとみなす



なぜℤ# gauge-Higgs modelを調べるのか

✔ 有限密度領域で符号問題が発生する格子ゲージ理論
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✔ 閉じ込め相とHiggs相を隔てる一次相転移線には臨界終点(CEP)が伴う

・符号問題を伴う4D格子ゲージ理論のTRG計算は本研究が世界初

Adachi-Okubo-Todo, PRB102(2020)054432

・CEPの決定は有限温度・密度QCDでも重要な研究課題の一つ

・符号問題の生じる領域でもTRG法を使えばCEPの決定は可能か?

✔ ℤ! gauge-Higgs modelでの先行研究

・TRG法によってCEPを決定した. ただし, ℤ!には符号問題はない

SA-Kuramashi, JHEP05(2022)102

・先行研究で用いた Anisotropic TRG (ATRG) アルゴリズムを使用



ゼロ密度での他手法との比較
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observe that the results from the dual simulation and the
conventional approach match very well. However, since at
! ¼ 0:1 and vanishing chemical potential " the influence
of the Higgs field seems to be small, we consider a second,
larger value of !.

The results for hUi and #U at ! ¼ 0:5 and " ¼ 0:0 are
shown in Fig. 5. We now observe quite a change in the
behavior of the observables in comparison to the pure
gauge and ! ¼ 0:1 cases. The phase transition has appar-
ently disappeared and we only find a smooth crossover type
of behavior between the strong and weak coupling phases.
The maximum of the susceptibility #U has shifted to rather
small values—the crossover takes place near $ ¼ 0:28.
The important fact is that, also here at a larger value of
!, where obviously the Higgs field has a much stronger
influence, the results from the conventional approach and
the dual simulation agree very well, again confirming the
correctness of the implementation of the dual approach.

V. THE Z3 GAUGE-HIGGS MODEL
AT FINITE DENSITY

Let us now come to the more interesting case of finite
density. Here conventional simulations fail and the full
potential of the dual approach can be unveiled. Before
we start with the presentation of Monte Carlo results we
first discuss some characteristic features of the dual repre-
sentation at finite density.

A. Finite density dynamics in the dual representation

The dual representation of the Z3 gauge-Higgs model
uses two sets of degrees of freedom: the plaquette occupa-
tion numbers p and the fluxes k. For the analysis of the
mechanisms that drive the systems at finite density it is
useful to think a little bit about the dynamics of the dual
variables, and this subsection is devoted to that task.

The dual degrees of freedom assume values in
f"1;0;þ1g, i.e., px;%&2f"1;0;þ1g and kx;'2f"1;0;þ1g.

A trivial value of the plaquette occupation number, i.e.,
px;%& ¼ 0, comes with a Boltzmann factor of 1 [compare
(16)], while nontrivial values px;%& $ 1 give rise to a factor
of B$ < 1 [see (11) for the definition of B$]. Thus non-
trivial values of plaquette occupation numbers p are sup-
pressed by their Boltzmann factor. On the other hand
configurations with many px;%& ! 0 have a much higher
entropy and (as always) the interplay of entropy and
Boltzmann factor gives rise to the first order transition of
the pure gauge theory discussed in Sec. IVA. The corre-
sponding observables hUi and #U are simple functions of
the plaquette occupation numbers and their fluctuations.
We stress at this point that both observables have a
$-dependent additive term [compare (18)]. For the pla-
quette expectation value the additive term is given by B$,
and hUi is nonvanishing for $> 0 even when all plaquette
occupation numbers p are trivial, since B$ > 0 for $> 0.
Similar to the plaquette occupation numbers, the spatial

flux variables kx;j, j ¼ 1, 2, 3, have a Boltzmann factor of 1
for kx;j ¼ 0 and a Boltzmann factor B! < 1 for kx;j ¼ $1
[see (16)]. As for the case of the plaquette occupation
numbers, we find for the k variables that trivial values of
the spatial fluxes are preferred by the Boltzmann factor.
The temporal flux variables kx;4 are connected with the
Boltzmann factors Ms with s 2 f"1; 0; 1g defined in (6).
For "> 0 we have Mþ1 >M"1 (see also the discussion
below) and temporal flux with kx;4 ¼ þ1 is favored over
negative temporal flux, i.e., kx;4 ¼ "1.
To illustrate the physical picture in terms of the dual

representation, in Fig. 6 we show a few low-lying excita-
tions of the Z3 gauge-Higgs model in the dual representa-
tion. Thick red lines oriented with arrows are used for the k
flux and filled blue squares for nonvanishing plaquette
occupation numbers, and the circles in the squares indicate
the orientation of the plaquette according to the sign of
the corresponding plaquette occupation number px;%&. The
simplest excitations (the lhs diagram in Fig. 6) are an
occupied plaquette surrounded by flux. At each link the
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FIG. 5 (color online). Same as in Fig. 4, but nowe ! ¼ 0:5.

GAUGE AND MATTER FIELDS AS SURFACES AND LOOPS . . . PHYSICAL REVIEW D 86, 094506 (2012)

094506-7

𝜂 = 0.5, 𝜇 = 0

MCシミュレーション TRG法(本研究) w/ 𝐷 = 45
GaFringer-Schmidt, PRD86(2012)094506

✔ Average plaqueTe 𝑈 とその感受率をMCシミュレーションの結果と比較

・ボンド次元𝐷 = 45程度でMCの結果をよく再現している

・感受率は 𝑈 の数値微分による

𝑈 𝑈感受率 感受率
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TRG法による熱力学極限計算 (𝜇 = 0)
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一次相転移点のボンド次元依存性 Average link@𝐷 = 50

✔ 相転移点はボンド次元に関してよく収束している

・𝐷 = 44と𝐷 = 50との相対誤差は0.019%

✔ 𝛽を小さくしていくと, average linkの不連続性が弱くなっていく
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Δ 𝐿 = 𝐵 𝜂# − 𝜂 $ Δ 𝐿 = 𝐴 𝛽 − 𝛽# %

✔ Average linkのトビ Δ 𝐿 に対するfiWngからCEPを決定

・ 𝛽", 𝜂" = 0.409 7 , 0.3280 6
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有限密度の熱力学極限計算とCEPの決定 (𝜇 = 2)
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Average link@𝐷 = 50

✔ 有限密度の場合も𝛽を小さくしていくと, average linkのトビが縮小

✔ ゼロ密度の場合と同様にfiWngでCEPを決定
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・ 𝛽", 𝜂" = 0.40873 7 , 0.20994 9
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ℤ$ gauge-Higgs model (𝑛 = 2,3)の相図
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𝑛 = 2の
純gauge理論※)

𝑛 = 2

𝒏 = 𝟑

𝒏 = 𝟑

✔ ℤ#の𝑛が大きくなると, CEPは𝛽-𝜂相図上で右斜め上に移動

・𝜇 = 0(黒), 𝜇 = 1(青), 𝜇 = 2(緑)

✔ 𝑛 = 2,3いずれの場合でも𝜂"は𝜇に対してsensitive

※) Balian+, PRD10(1974)3376

𝒏 = 𝟑の
純gauge理論※)

Cf. U(1) gauge-Higgs studies, Baig-Clua, PRD57(1998)3902, Franzki+, PRD57(1998)6625



Summary & Outlook
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✔ 符号問題を伴う4D格子ゲージ理論に対するTRG法のfirst applica7onを実施.

✔ TN法を使うことで, 従来とは異なる切り口から格子理論を調べられる.
特に, TN法には符号問題がない.

✔ 4D ℤ$ gauge-Higgs modelのaverage linkをTRG法で計算し, confinement相と
Higgs相を隔てる一次相転移を捉え, average linkの不連続性が消失する点
としてCEPを決定した.

✔ 有限密度領域でもCEPを決定し, ℤ! gauge-Higgs modelのCEPとの比較を実施. 
ℤ𝟐からℤ𝟑への移行に伴うCEPの動き方はreasonableにみえる. 

✔ 連続的なゲージ自由度を伴う4次元系のTRG計算は?


